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A theoretical analysis is provided of the continuity of multiphase compositional space parameterization for thermal-
compositional reservoir simulation. It is shown that the tie-simplex space changes continuously as a function of
composition, pressure, and temperature, and this justifies the Compositional Space Adaptive Tabulation (CSAT) framework,
in which a discrete number of tie-simplexes are constructed, tabulated, and reused in the course of a simulation. The CSAT
is extended for thermal-compositional displacements for mixtures that can form an arbitrary number of phases. In
particular, the construction is described of three-phase tie-simplex tables, and it is shown how the degeneration of
multiphase regions can be accurately captured over wide ranges of temperature and pressure. Several challenging
multiphase examples are used to demonstrate the accuracy and effectiveness of phase-state identification using tabulated
tie-simplexes. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 1684–1701, 2013
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Introduction

Thermal and gas injection processes are among the most
commonly used techniques to improve oil recovery. To
obtain reliable predictions based on the numerical simulation
of such processes, a thermal-compositional model is used,
where the partial differential equations of the conservation
of mass, energy, and momentum are solved together with the
equations of thermodynamic equilibrium.1

Coupling thermodynamics with the conservation equations
is a major challenge in the development of a general-purpose
thermal-compositional simulation framework. The partial dif-
ferential equations are highly nonlinear, and they are tightly
coupled to the phase equilibrium relations. To deal with
thermal-compositional models of practical utility, accurate
treatment of the thermodynamic phase behavior is crucial.2

Moreover, in many displacement processes, a large number
of components partition among more than two fluid phases.
This is common in steam injection problems and in mixtures
that include CO2 or sour gas over wide ranges of tempera-
ture and pressure. Modeling the phase behavior of such sys-
tems is challenging even when all the phases are immiscible
with each other. The complexity of the problem increases
when multiphase regions approach the critical state.

Simplified compositional (or modified black-oil) models
have been developed in order to account for the thermody-
namic phase behavior in reservoir flow simulation.3,4 One of
the most common approaches is the so-called ‘‘constant
K-values’’ method, where it is assumed that the component
equilibrium factors, K-values, are functions of temperature

and pressure only, and therefore, the thermodynamic equilib-
rium can be modeled efficiently using tables of K-values
(see Aziz et al.5 for a practical example). However, the
accuracy of the constant K-values approach is limited to im-
miscible displacements at relatively low pressure, where the
assumption of composition-independent K-values is valid.
Limited-compositional models can be thermodynamically
inconsistent, or inaccurate.6 Consequently, such models may
not be able to capture the complex physics in problems
involving development of miscibility, or interactions involv-
ing more than two fluid phases. In this work, we use an
Equation of State (EoS) method to represent the phase
behavior associated with thermal-compositional flow simula-
tion.

Phase equilibrium calculations can be the most expensive
kernel in a compositional flow simulation. Given an overall
composition at some pressure and temperature conditions,
the number of phases and their compositions must be deter-
mined for every control volume (gridblock) at each time
step. The conventional approach is based on: (1) performing
a phase-stability test for single-phase gridblocks7 and (2)
solving the fugacity constraints8 together with the coupled
nonlinear flow equations for gridblocks that have more
than one phase. Robust algorithms for stand-alone calcula-
tions of multiphase stability and flash procedures have been
described by several authors (see Michelsen and Mollerup9

for instance). However, previous developments for phase
behavior computations coupled with flow and transport have
basically focused on methodologies that are suitable for only
two-phase compositional simulation. Modern approaches,
such as bypassing of phase stability analysis, are presented
recently for fast compositional calculations.10

To improve the computational performance and robustness
of EoS-based phase behavior for two-phase compositional
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simulation, a tie-line based Compositional Space Parameter-
ization (CSP) framework has been developed.11 An effective
way of utilizing CSP for general-purpose simulation is the
Compositional Space Adaptive Tabulation (CSAT) frame-
work, in which tie-line parameterization is used to accelerate
the convergence of EoS-based calculations.12 CSAT is based
on theoretical findings from the Method of Characteristics
(MoC) solutions of gas injection problems under ideal assump-
tions.13,14 The MoC solutions show that only a few (key) tie-
lines determine the structure of the solution route in composi-
tional space. The MoC-based theory has been recently
extended to thermal15 and three-phase16,17 displacements.

CSAT constructs and tabulates tie-lines adaptively. The
tie-line tables are then used to identify the phase-state of
compositions encountered in the course of the simulation.
Linear interpolation in pressure is performed to obtain a tie-
line for a composition with the specified pressure value.12

The initial development of CSAT for immiscible displace-
ments has been generalized for multi-contact miscible prob-
lems.18 It is shown that adaptive tabulation of the critical
tie-lines significantly improves the efficiency and accuracy
of multi-contact miscible simulation. Generalization of
CSAT to thermal problems, where tabulation and interpola-
tion as a function of temperature and pressure are performed,
has been presented by Iranshahr et al.19 Extension to multi-
phase parameterization using tie-simplexes is described by
Voskov and Tchelepi.20 The wide range of examples pre-
sented in these references shows that CSAT is an effective
method for phase behavior modeling in general-purpose
compositional simulation.

To deal with multicomponent systems that can form more
than two equilibrium phases, we assume that a nondegener-
ate base tie-simplex parameterization is associated with the
compositional system of interest. The maximum number of
phases, Nmax

p , that can coexist for the base parameterization
is assumed to be known in our developments. Nmax

p is
defined such that the extensions of Nmax

p -phase tie-simplexes
do not intersect inside the compositional space.20,21 More-
over, Nmax

p cannot be greater than the number of components
in the system. As we will discuss further, with changes in
temperature and pressure, multiphase regions in the base
parameterization become critical (degenerate to lower-
dimensional multiphase regions), or they disappear from the
compositional space. So, we assume that no new multiphase
region will appear with changes in the T–p conditions. If the
assumed Nmax

p is wrong, tie-simplexes will actually intersect
inside some multiphase regions (see e.g., Voskov and Tche-
lepi20). In this case, the value of Nmax

p must be increased,
and the parameterization must be repeated.

The value of Nmax
p is estimated based on the preliminary

knowledge of the system (e.g., existing hydrocarbon compo-
nents, temperature, and pressure conditions). Further studies
include parameterization of the compositional space between
injection and initial compositions across the practical range
of temperature and pressure (determined from the initial,
injection, and production conditions). These primitive studies
lead to an initial estimate of Nmax

p , which is used to perform
actual reservoir flow simulation. For this purpose, CSAT
constructs base parameterizations in multiphase tables (as we
will discuss further). According to the practical T–p range,
multiphase regions of the base parameterization might
degenerate at further T–p levels of the table. If any tie-sim-
plexes intersect inside the multiphase regions, the simulation
studies are performed with the modified value of Nmax

p .

In this work, we extend CSAT in two important direc-
tions. First, we provide a theoretical basis for the continuity
of CSP in terms of tie-simplexes. The continuity of the tie-
simplex space justifies the use of discrete tie-simplexes for
flow simulation, where interpolation in pressure and temper-
ature using a limited number of tie-simplexes is performed
during a simulation run. Second, we extend CSAT to multi-
phase (more than two phases) systems. We focus on the
complex behaviors of the tie-triangles and tie-lines associ-
ated with three-phase, steam-injection problems. The algo-
rithms that capture the degeneration of the tie-triangles into
tie-lines are described in detail. We also demonstrate how
miscibility of oil and gas phases can be modeled in systems
involving steam. Interpolation in the parameterized composi-
tional space is used to identify the phase-state and proves to
be as reliable as the ‘‘conventional’’ phase-stability test for
three-phase mixtures. We demonstrate the effectiveness and
accuracy of the framework using several compositional prob-
lems with complex behaviors.

Continuity of CSP

In this section, we prove the continuity of tie-simplex
parameterization. The correct value of Nmax

p is assumed to be
known for the given thermodynamic system. Let

xj ¼ xjðz;T; pÞ; j ¼ 1;…;Mp;

represent the endpoints of an Mp-phase tie-simplex (2 � Mp �
Nmax

p ) calculated in a multi-stage negative-flash framework.21

Continuity indicates that bounded changes in the parameters
yield well-defined changes in tie-simplex compositions. Note
that the phase-state of z may change with varying flash
parameters; however, the parameterizing tie-simplexes will
change continuously. These developments show the continuity
of negative-flash in the multi-stage formulation described by
Iranshahr et al.21

First, we study two-phase systems, and we show that at
constant temperature and pressure, tie-line parameterization
of a continuous trajectory in the compositional space is con-
tinuous. Moreover, the tie-line that parameterizes a given
composition changes continuously with pressure and temper-
ature. First, we assume that there is only one two-phase
region in the compositional space (Nmax

p ¼ 2). In Appendix
A, we show continuity for systems with Nmax

p [ 2.

Parameterization along a continuous path

We start with parameterizing a continuous path in compo-
sitional space at constant temperature and pressure. Assum-
ing that both phases are at chemical equilibrium, we write
the equality of chemical potentials for each component as

li;1 ¼ li;2; i ¼ 1;…;Nc: (1)

Note that the chemical potential of component i in phase j, li,j,
is a function of pressure, temperature, and the molar amounts
of all the components present in that phase, so that

li;j ¼ li;jðp; T; n1;j; n2;j;…; nNc;jÞ: (2)

The overall molar composition of a component, zi, is defined
as

zi ¼
ni;totPNc

l¼1 nl;tot

; i ¼ 1;…;Nc; (3)
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where ni,tot represents the total molar amount of component i.
Here, we assume that 0 \ ni,tot. Let n parameterize a
continuous trajectory in compositional space, then along n,
we have

dni;tot

dn
¼ @ni;tot

@n

� �
p;T;nk 6¼i;tot

; i ¼ 1;…;Nc; (4)

where the subscript nk=i,tot indicates that the total molar
amounts of all the components, k, except i are held fixed.
Differentiating Eq. 3 with respect to n yields

XNc

l¼1

di;l � zi

� � @nl;tot

@n

� �
p;T;nk 6¼l;tot

¼ dzi

dn

XNc

l¼1

nl;tot; i ¼ 1;…;Nc;

(5)

where d represents the Kronecker delta. Therefore, if (qnl,tot/
qn)p,T,nk=l,tot

is bounded, then dzi/dn will also be bounded (Note
that 0 \ zi \ 1, and 0 \

P
Nc
l¼1nl,tot). Similar results can be

derived for the compositions of each phase. As

XNc

l¼1

dzl

dn
¼ 0; (6)

only a subset of Nc � 1 equations from Eq. 5 are linearly
independent. As a result, there is not a unique set of changes in
the molar amounts that corresponds to the given changes in the
molar compositions. In the following, we assume a set of
continuous changes in the total molar amounts of components
that satisfies Eq. 5 for the given trajectory in compositional
space. Here, we provide a formal proof for the first part of the
Continuity Theorem.

Continuity Theorem, Part 1. At constant temperature
and pressure, tie-line parameterization of a continuous path
in compositional space is continuous.

Proof: First, we consider changes in the phase behavior
along a continuous trajectory that is entirely inside the two-
phase region. Differentiating Eq. 1 with respect to n at fixed
pressure and temperature yields

XNc

l¼1

@li;1

@nl;1
:
@nl;1

@n

� �
p;T;nk 6¼l;1

�
XNc

l¼1

@li;2

@nl;2
:
@nl;2

@n

� �
p;T;nk 6¼l;2

¼ 0;

i ¼ 1;…;Nc: ð7Þ

Material balance for each component is

ni;tot ¼ ni;1 þ ni;2; i ¼ 1;…;Nc: (8)

Along the path, we differentiate Eq. 8 to obtain

@ni;tot

@n

� �
p;T;nk 6¼i;tot

¼ @ni;1

@n

� �
p;T;nk 6¼i;1

þ @ni;2

@n

� �
p;T;nk 6¼i;2

;

i ¼ 1;…;Nc: ð9Þ

Combining Eqs. 7 and 9 yields

XNc

l¼1

½J1
i;l þ J2

i;l�
@nl;2

@n

� �
p;T;nk 6¼l;2

¼
XNc

l¼1

J1
i;l

@nl;tot

@n

� �
p;T;nk 6¼l;tot

;

i ¼ 1;…;Nc: ð10Þ

where

Jm
i;l ¼

@li;m

@nl;m

� �
p;T;nk 6¼l;m

; i; l ¼ 1;…;Nc; m ¼ 1; 2: (11)

From the Gibbs–Duhem equation we have

XNc

l¼1

nlJ
m
i;l ¼ 0; i ¼ 1;…;Nc; m ¼ 1; 2: (12)

As a result, the righthand side of Eq. 10 is bounded. We note
that the solution of the nonlinear set of equations for the phase
splitting problem (Eq. 1), whose Jacobian is J1 þ J2, is unique.
Consequently, the matrix J1 þ J2 is invertible, and the
differential of nl,2 in Eq. 10 is bounded. From Eq. 5 written for
the molar amounts and the compositions of each phase, we
conclude that the tie-line compositions, xi,j, vary continuously
along the trajectory.

Next, we generalize the continuity of parameterization along
any trajectory. For this purpose, we consider a path, C, in the
single-phase region. As the parameterization of the entire com-
positional space is unique, we define a curve, C, within the
two-phase region that has an identical parameterization as C
(see Figure 1). C is defined as the midpoint locus of a set of
tie-lines. We can demonstrate that if C is continuous, then C
will be continuous. For this purpose, consider two composi-
tions along C, z(n1) and z(n1 þ dn), that are infinitesimally
apart from each other. We need to show that the distance
between the corresponding compositions on C, c(n1) and
c(n1 þ dn), is finite. Starting from c(n1), we parameterize the
straight line between c(n1) and c(n1 þ dn). Assuming that dn is
small enough, the line segment is entirely within the two-phase
region, and therefore, it has a continuous parameterization. As
a result, the midpoint of the parameterizing tie-lines changes
continuously, and C is continuous. As the parameterizations of
C and C are identical, the proof is complete. h

Parameterization in pressure and temperature

Next, we consider a mixture with a fixed overall composi-
tion, and we prove the second part of the Continuity Theorem.

Continuity Theorem, Part 2. At fixed temperature (or
pressure), the tie-line that parameterizes a given composition
changes continuously with pressure (or temperature).

Figure 1. Parameterization continuity for a path, CðnÞ,
in the single-phase region.

z and c are the corresponding points on C and C, respec-

tively. In this example, T 5 450 K and p 5 180 bar.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Proof: Let us consider changes in pressure. First, we
assume that when pressure is changing, the composition
remains inside the two-phase region. For a mixture with
given overall composition, changing the pressure (at fixed
temperature) results in a redistribution of the components
between the two phases. Consequently, the chemical poten-
tial of a component changes as a function of pressure and
component molar amounts. Partial differentiation of Eq. 1
with respect to pressure yields

XNc

l¼1

@li;1

@nl;1

� �
p;T;nk 6¼l;1

:
@nl;1

@p

� �
T;nk 6¼l;1

þ
@li;1

@p

� �
T;nk;1

�
XNc

l¼1

@li;2

@nl;2

� �
p;T;nk 6¼l;2

:
@nl;2

@p

� �
T;nk 6¼l;2

�
@li;2

@p

� �
T;nk;2

¼ 0;

(13)

for i ¼ 1,…,Nc. Considering that the overall composition (and
ni,tot for each component) is fixed, we differentiate Eq. 8 to obtain

@ni;1

@p

� �
T;nk 6¼i;1

þ @ni;2

@p

� �
T;nk 6¼i;2

¼ 0; i ¼ 1;…;Nc: (14)

Combining Eqs. 13 and 14 yields

XNc

l¼1

@li;1

@nl;1

� �
p;T;nk 6¼l;1

þ
@li;2

@nl;2

� �
p;T;nk 6¼l;2

" #
:
@nl;2

@p

� �
T;nk 6¼l;2

¼
@li;1

@p

� �
T;nk;1

�
@li;2

@p

� �
T;nk;2

; i ¼ 1;…;Nc:

(15)

Using Eq. 11, Eq. 15 simplifies to

XNc

l¼1

J1
i;l þ J2

i;l

h i
:
@nl;2

@p

� �
T;nk 6¼l;2

¼ �Vi;1 � �Vi;2; i ¼ 1;…;Nc;

(16)

where Vi,j denotes the partial molar volume of component i in
phase j. Similarly, the equilibrium phase amounts of a given
mixture at fixed pressure change with temperature as follows

XNc

l¼1

J1
i;l þ J2

i;l

h i
:
@nl;2

@T

� �
p;nk 6¼l;2

¼ �Si;2 � �Si;1; i ¼ 1;…;Nc;

(17)

where the righthand side is the difference between the partial
molar entropies of the i-th component. From

Mj ¼
XNc

l¼1

nl;j
�Ml;j; j ¼ 1; 2; (18)

we note that the partial molar property of each component
(Ml,j) has a finite value. As a result, the derivatives of the
molar amounts in Eqs. 16 and 17 are finite, and from Eq. 5, the
compositions of parameterizing tie-lines change continuously.

Next, we generalize the continuity of parameterization for
a single-phase composition. For this purpose, we consider a
curve, C, in the two-phase region that (1) has an identical
parameterization as the single-phase composition, z, and (2)
is the midpoint locus of a set of tie-lines. As parameteriza-
tion of the compositional space is unique at each pressure
value, C is unique. We show that C is a continuous curve,
and therefore, the pressure changes continuously along C.

To show the continuity of C, consider the midpoint, c, of
the parameterizing tie-line at some pressure value, p1. We
need to demonstrate that c(p1þ dp) is at a finite distance from
c(p1) if dp is small enough (see Figure 2). For this purpose,
we first change pressure from p1 to p1 þ dp, then calculate the
tie-line that parameterizes c(p1) at p1 þ dp. Assuming that dp
is small enough, c(p1) will remain within the two-phase
region, and the midpoint of the resulting tie-line, c0, is at a fi-
nite distance from c(p1). Next, at constant pressure, p1 þ dp,
we parameterize the straight line connecting c0 to the given
mixture, z. The parameterization of such a line is continuous,
and therefore, c(p1 þ dp) is at a finite distance from c0. As a
result, C is a continuous curve (along which pressure changes
continuously). As the parameterizations of C and the single-
phase composition are identical, the proof is complete. Using
a similar argument, parameterization of a single-phase compo-
sition with temperature at constant pressure is continuous. h

Using numerical experiments, we can show that for a given
overall composition at fixed temperature, there is a minimal
critical pressure value18 such that J

1 ¼ J
2. Noting that J

m is a
singular matrix (see Eq. 12), the tie-lines degenerate to a
point. Similar arguments can be made for changes in tempera-
ture, or along a trajectory in the compositional space.

Figure 3 describes the parameterization continuity for
two-phase, four-component systems. In the first example (see
Figure 3a), we show an isothermal table of tie-lines (T ¼
450 K) for a fixed composition. The mixture is initially in
the two-phase region. As the pressure increases, the compo-
sition becomes single-phase, and the parameterizing tie-line
degenerates at p ¼ 175 bar. We also show how parameter-
ization of the same composition changes with temperature at
fixed pressure (see Figure 3b). For this example, the compo-
sition is initially single-phase, and it enters the two-phase
region as the temperature increases. The parameterizing
tie-line becomes critical at T ¼ 550 K.

CSAT

In this section, we describe a generalization of the CSAT
framework for systems with an arbitrary number of phases.
Then, we present the details of the three-phase CSAT.

Figure 2. Parameterization in pressure for a single-
phase mixture, z.

Numbers show the pressure (in bar) of the tie-lines; for

this system, T 5 450 K. [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.

com.]
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Multiphase CSAT

Phase behavior in systems that can form more than two
fluid phases is complicated because a large number
of regions with two or more phases may be present (see
Figure 4). Here, we describe construction of an Np-phase
base tie-simplex parameterization.

We consider an Np-phase tie-simplex, DNp�1, in a system
that can form a maximum of Np phases at equilibrium (Np [
2). Starting from each (m � 1)-face of DNp�1, where m ¼
2,…,Np�1, an m-phase region is extended throughout the
compositional space. Let Cm

f represent a hyper-volume in the
m-phase region that starts from the f-th (m � 1)-face of
DNp�1. By definition, Cm

f is parameterized by DNp�1; that is,
any composition on Cm

f can be expressed as a linear combi-
nation of the vertices of DNp�1. Moreover, Cm

f is the locus of
the geometric center of a set of tie-simplexes in the m-phase
region. From the uniqueness of flash calculations in the
m-phase region, Cm

f is unique. Also, note that Cm
f is a contin-

uous hyper-volume, and its representation requires an (Np �
m)-dimensional parameterization.

The total number of Cm
f s in an Np-phase system is given

by the binomial coefficient

Np

m

� �
¼ Np!

m!ðNp � mÞ! : (19)

In a three-phase system, for example, a C2
f curve is connected to

each edge of a tie-triangle (see Figure 4). Similarly, in a four-phase
system, a C3

f curve starts from each face of a tie-tetrahedron.
Moreover, each edge of a tie-tetrahedron is connected to a C2

f

surface (see the ‘‘Numerical Eamples’’ section).
In the general CSAT framework, a multiphase table is con-

structed by parameterizing the multiphase regions around a
given overall composition at discrete temperature and
pressure values. For each level of the T � p grid, DNp�1 is
calculated, and all the m-phase regions around DNp�1 are para-
meterized using Cm

f s. The multi-stage approach for parameter-
ization is designed such that Cm�1 is calculated after all Cm

f

hyper-volumes are constructed. Therefore, once the Np-phase
tie-simplex is calculated, the procedure starts with discretizing
CNp�1 and ends with tabulating tie-lines (C2). The parameter-

ization details at each stage are given in Appendix B. We use
a multiphase negative-flash procedure to compute the parame-
terizing tie-simplexes.21 As DNp�1 for a given mixture changes
continuously with temperature and pressure, Cm

f is a continu-
ous function of these parameters. Note that Cm

f is a continuous
hyper-volume, and it is parameterized by DNp�1. Moreover,
construction of Cm

f is still possible, if DNp�1 has degenerated.
As a result, parameterizing tie-simplexes for each Cm

f proves
to be very robust in the general CSAT framework.

From extensive numerical experiments, we can show that
the volume of the Mp-phase tie-simplex (DMp�1, where Mp ¼
2,…,Np) that parameterizes a given mixture approaches zero
with changes in pressure or temperature (i.e., DMp�1 degener-
ates to DMp�2). Next, we show that the critical tie-simplexes
(DMp�2s) change continuously in the compositional space.

Figure 3. Continuity of CSP for four-component two-phase systems.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Base tie-simplex parameterization for a
three-component system with Nmax

p 5 3: com-
plete parameterization of {C1, C10, H2O} at
T 5 520 K and p 5 75 bar using one tie-triangle
(in red) and three sets of tie-lines (in blue).

The three C2 curves are shown in green. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Consider a continuous curve, C, in a compositional space
with constant temperature. Let u denote the volume of a tie-
simplex, DMp�1.20 We assume that C can be parameterized
with a set of tie-simplexes, DMp�1, at different pressure val-
ues, such that the volume of each tie-simplex, u, is a fixed
value, e. Due to the continuity of parameterization, the set of
the parameterizing tie-simplexes with volume e change con-
tinuously along C (also, pressure changes continuously along
C). Letting e be a value close to zero, we conclude the conti-
nuity of degenerate tie-simplexes inside the compositional
space. For a majority of hydrocarbon systems,18 the set of
degenerate tie-simplexes is unique for the fixed temperature
or pressure. In the following sections, we describe two main
components of CSAT for three-phase systems.

Parameterization of three-phase compositional space

We start with an overview of the two-phase CSAT Frame-
work.18 In the natural variable formulation for solving the
conservation equations,6 CSAT provides the accurate number
of coexisting phases, as well as an initial guess for EoS-
based computations. During iterations, the number of exist-
ing phases in each gridblock might change. If the saturation
of a phase becomes negative, then the set of the equations
are adapted to account for the disappearance of that phase.
Furthermore, the phase-state of single-phase gridblocks is
checked using the CSAT framework. For multiphase grid-
blocks, the thermodynamic relations are solved simultane-
ously with the conservation equations, and upon conver-
gence, the solution route in the compositional space is con-
sistent with phase-state identification of CSAT. Note that a
limited number of tie-simplex tables are generated in this
formulation. Furthermore, additional negative-flash calcula-
tions are performed to resolve the accurate phase-state of
mixtures that are too close to the phase boundaries.18,22

Given the overall composition of a gridblock, all the tie-
line tables are checked to determine if there is any tie-line
that parameterizes the composition. The phase-state of the
mixture is determined, if its composition and the interpo-
lated tie-line are close enough. Otherwise, a new tie-line ta-
ble is parameterized and added to the list of tables. For
multi-contact miscible displacements, critical tie-lines (at
different pressure values) that parameterize the solution
path are calculated adaptively and stored. An initial check
in the table of critical tie-lines determines if the composi-
tion belongs to the supercritical or subcritical regions.

For two-phase systems, a single tie-line parameterizes the
two-phase region around a given overall composition. How-
ever, for three-phase systems, the entire plane defined by a
tie-triangle needs to be parameterized. We can show that this
is necessary to guarantee the global minimization of the
Gibbs free energy.22 Note that only a few tie-triangle planes
parameterize the solution path in a three-phase compositional
displacement.17,20 Similar to the two-phase CSAT frame-
work, parameterization is performed for mixtures that do not
lie on the extension of existing tie-simplex tables. For a
given overall composition, we calculate a tie-triangle (D2)
and parameterize three curves: C2

1, C2
2, and C2

3. Each one of
the C2 curves parameterizes the two-phase behavior on one
of the tie-triangle sides.

Here, we demonstrate the construction of a general three-
phase thermal-compositional table for a given composition.
We assume that the starting pressure at each temperature
level is below the minimal degeneration pressure for the
three-phase region. For the smallest pressure, the tie-triangle

that parameterizes the given composition is calculated and
stored. Starting from each edge of the tie-triangle, we param-
eterize the two-phase region by solving for each C2

f (see
Appendix B for the details).

For the next pressure levels, side tie-lines can be calcu-
lated toward the tie-triangle. For this purpose, an iterative
procedure is used to find the farthest composition on C2

f at
the new pressure level. Parameterization of C2

f starts from
this composition, if the length of the farthest tie-line is
greater than the length of the f-th edge of the tie-triangle
(see Figure 5). This flexible parameterization framework has
proven to be very robust for different three-phase systems
over wide ranges of pressure.

As noted previously, the three-phase region degenerates
with increase in pressure (see Figure 6). If the pressure is
large enough, we solve for the minimal degeneration pres-
sure of the tie-triangle that parameterizes the given composi-
tion. An iterative procedure is used to find a pressure value
such that the area of the tie-triangle, A, satisfies

emin \ A \ emax; (20)

for some small values of emin and emax. The plane of the
degenerate tie-triangle is then parameterized at higher pressure
values. We note that immediately after the degeneration of the
tie-triangle, a two-phase region disappears from the plane (see
Figure 6a), or the length of a side of the tie-triangle becomes
infinitesimal (see Figure 6b). However, all the parameteriza-
tion techniques developed for subcritical pressures are
applicable for higher pressure values.

Tie-lines on a tie-triangle side may also degenerate. For
such systems, parameterization of C2

f is started from the non-
degenerate end. Then, we determine how far the parameter-
ization of the tie-lines along C2

f should proceed until the
length of the critical tie-line, ‘, satisfies

emin \ ‘\ emax; (21)

for some small values of emin and emax. The calculated critical
tie-line marks the boundary between the extendible and non-
extendible regions on the f-th tie-triangle side. To obtain the
parameterization for a thermal problem, these procedures are
performed at discrete temperature levels.

Figure 5. In this example, each C2
f is parameterized

from the farthest composition.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Phase-state identification in parameterized
compositional space

Based on theoretical considerations from the MoC and
extensive flow simulation computations, only a few tables of
tie-simplexes are required for a single simulation run.17,20 In
the second stage of the CSAT framework, we use tabulated
tie-simplexes to identify the phase-state of mixtures that
require phase stability tests.11

In the following developments, we assume that a side tie-
line lies on the extension of a tie-triangle. The systems that
we have considered in our studies exhibit this behavior. We
note that CSAT still provides a very good initial guess for
conventional phase-behavior calculations in systems that vio-
late this assumption.

Let us consider a thermal three-phase table and describe
the procedures for identifying the state of a given composi-
tion, z, at some temperature, T, and pressure, p, conditions

Tj � T � Tjþ1; (22)

pij;j � p � pijþ1;j; (23)

pijþ1;jþ1 � p � pijþ1þ1;jþ1; (24)

where j denotes the temperature index of the table, and ij
represents the pressure index at the j-th temperature level.

Consider parameterization of the three-phase region in
Figure 4. Noting that a C curve can be expressed as a linear
combination of the tie-triangle compositions, we parameter-
ize Cf using fractions of the f-th phase, mf (see the numbering
in Figure 4). We first describe interpolation in tables with
identical temperature values. Let Nf

i represent the set of the
mf values for the i-th pressure level. As Nf

i is different from
Nf

iþ1, we initially interpolate tie-lines in mf to obtain two-
phase parameterization for Nf

i | Nf
iþ1 at each pressure level.

Noting that a composition on Cf with a fixed mf changes con-
tinuously with pressure, we interpolate the two sets of side
tie-lines in pressure. Performing these interpolations at each
temperature level, Tj and Tjþ1, we finally interpolate in tem-
perature (note that another unification of the mf values is
required). The same interpolation techniques are used after
the tie-triangle degeneration pressure.

The tables of tie-simplexes are used to interpolate in tem-
perature and pressure, then z is projected onto the closest
tie-simplexes (see Voskov and Tchelepi20 and Figure 7). In
the general case, z is in Mp-phase state, if it is inside a
DMp�1. Moreover, z is single-phase, if it is outside all tie-
simplexes. These state identification rules are based on the
fact that an Mp-phase negative-flash can only determine the
state of a mixture in the Mp-phase region.21

It is worthwhile to note that a single-phase mixture in a
system with Nmax

p ¼ 3 can be on the extension of:
1. two tie-lines from the same two-phase region (see e.g.,

Figure 14),
2. two tie-lines from different two-phase regions.

Consider the parameterization of such a mixture. As Nmax
p ¼

3, the parameterizing tie-triangle is unique. In the second stage,
two-phase regions on the extension of the tie-triangle are para-
meterized. Unique tie-line parameterization of the C2 curves
is still possible because each curve is inside the respective
two-phase region, and that tie-lines do not intersect inside the
two-phase regions. Moreover, tie-line endpoints change contin-
uously along each C2 curve. This allows for discrete represen-
tation of each two-phase region on a side of the tie-triangle.

Next, consider phase-state identification of such a mixture. If

it is on the extension of two different tie-lines from the same

two-phase region, then the mixture does not lie inside that

two-phase region (intersection is possible only outside

the multiphase region). Note that for accurate phase-state identi-

fication, the boundaries of multiphase regions must be repre-

sented correctly. For this purpose, it is sufficient that tie-sim-

plexes do not intersect inside the multiphase regions. Continuity

of parameterization is crucial to handle cases with variable tem-

perature and pressure. The boundaries of multiphase regions

change continuously with temperature and pressure, and this

allows for interpolation in discrete tie-simplex tables.
As noted previously, tie-triangles degenerate differently in

various systems. Here, we describe state identification proce-
dures for degenerate steam systems. Consider a three-compo-
nent steam example at T ¼ 550 K (see Figure 8a). The
three-phase region becomes critical at p ¼ 110 bar. With
further increase in pressure, the gas–oil region shrinks until
it disappears completely from the plane at p ¼ 148.9 bar.

Figure 6. Three-phase degeneration patterns, arrows show continuous changes in the tie-triangle compositions
from the minimum to the degeneration pressure.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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From the continuity of parameterization in degenerate space,
the critical gas–oil tie-lines change continuously with pressure.
We calculate and store the critical tie-lines at discrete
pressure values between the minimal three-phase degeneration
pressure and the gas–oil disappearance pressure. Note that the
locus of the critical tie-lines is almost linear on the plane of
the tie-triangle. The discretized locus of critical tie-lines as
well as the critical tie-triangle is then used to identify if a sin-
gle-phase mixture is gas- or oil-like. This technique is based
on the fact that the phase-state of a composition on the exten-
sion of a critical tie-line does not change with an increase in
pressure.18 We use this critical boundary to separate water–oil
and water–gas tie-lines with an intermediate tie-line, which
connects the water phase to a point on the critical tie-line locus
(see Figure 8b). If the water tie-lines shrink in size, the critical
tie-triangle serves as the intermediate tie-line.

Numerical Examples

In this section, we first present several numerical examples
to demonstrate the parameterization techniques for multi-

phase systems. Next, we show phase-state identification in
parameterized steam systems. The computational examples
of three-phase thermal-compositional flow simulation are
recently presented by Iranshahr et al.23

Tie-simplex space parameterization

We show that the generalized CSAT framework accurately
captures degeneration of the multiphase regions across a
wide pressure range. Parameterization of the three- or two-
phase regions can be adaptively refined along pressure or C.
Typically, this refinement is performed close to a critical tie-
simplex.18

In an isothermal three-phase table, only two sets of tie-
lines parameterize the plane of a degenerate tie-triangle.
With further increase in pressure, a two-phase region disap-
pears from the plane. We use an iterative procedure to calcu-
late the pressure at which the two-phase region disappears.
That is, we find a pressure value such that the disappearing
two-phase region is represented by a trivial tie-line (the

Figure 8. (a) Critical locus for {C1, C10, H2O} at T 5 550 K; the locus of critical oil–gas tie-lines is extended from
p 5 110 to 148.9 bar. (b) Phase behavior at p 5 137 bar.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 7. (a) Projecting a composition onto the plane of tie-triangle and (b) projecting onto a tie-line on the appro-
priate side of the tie-triangle.

In this example, the state of the composition is identified as two-phase. [Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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length of which satisfies Eq. 21). Figure 9 describes the gen-
eral structure of an isothermal three-phase table.

We validate the accuracy of our numerical results using a
reliable commercial simulator.24 Figure 10 shows the param-
eterization of a three-component steam system. Using differ-
ent Equations of State, we also compare the degeneration of
the three-phase region (see Figure 11). Note that both equa-
tions predict similar three-phase degeneration characteristics.

We describe the three-phase space parameterization for
{C1, CO2, C10, H2O} at T ¼ 550 K. We parameterize the
multiphase region for the center of the space (see Figure
12). A three-phase region and three two-phase regions are
parameterized for this mixture at p ¼ 95 bar. With increase
in pressure, the gas–oil side of the tie-triangle becomes criti-
cal, and the tie-triangle degenerates to a tie-line at p ¼
105.8 bar. At higher pressure values, the water tie-lines
grow in length, and the gas–oil two-phase region shrinks.
Here, C2 for the gas–oil region is parameterized from the
{C1, C10, CO2} face. As a result, the associated critical tie-
line can be easily captured. Note that after the tie-triangle
degeneration pressure, the plane of the degenerate tie-trian-
gle is parameterized (see Figures 12c,d). Also, these exam-
ples clearly indicate that the extension of the two-phase tie-
lines may intersect inside the compositional space.

Figure 13 shows the full parameterization of the system at
T ¼ 550 K and p ¼ 105 bar. In this system, the three-phase
region exists only in a part of the space, and the gas–oil
region degenerates close to the {H2O, CO2, C10} face.

Next, we present three-phase CSP for these systems: (1) a
sour gas example: {C1, C2, H2S} at T ¼ 185 K, Figure 14,
and (2) a cold CO2 example: {C1, C2, C6, CO2} at T ¼ 180
K, Figure 15.

Consider two features of the sour gas example. First, the
degenerate tie-triangle has three distinct phases; that is, nei-
ther of its sides becomes critical. As a result, the Successive
Substitution Iterations for the three-phase negative-flash con-
verge faster near the degeneration pressure.21 Second, tie-
lines on a side of the tie-triangle become critical before
degeneration of the three-phase region. For this case, C2 is
parameterized from the side of the tie-triangle.

Parameterization of four-phase systems is significantly
more complicated than three-phase problems. Figures 16 and
17 present the base parameterization of a four-component
system with Nmax

p ¼ 4. Here, we first calculate the tie-tetra-
hedron that parameterizes a given composition. Four curves,

C3, parameterize the three-phase regions around the tie-tetra-
hedron (see Figure 16). Moreover, different two-phase
regions in the system are calculated using six surfaces, C2

(see Figure 17). This way, all the multiphase regions on the
extension of the tie-tetrahedron are parameterized.

State identification

Here, we demonstrate the accuracy of phase-state identifi-
cation for several steam systems. Consider the three-compo-
nent steam example in Figure 10. We choose two composi-
tions and use CSAT to identify the state of the compositions
along the dilution line (see Figure 18a). For the first compo-
sition, CSAT constructs a three-phase table as described
earlier. The phase-state of all the compositions are then
determined using this table. Note that a single table parame-
terizes the entire three-component system. Two- or three-
phase compositions are parameterized by a tie-line or tie-tri-
angle, respectively. A single-phase composition is outside all
tie-lines and the tie-triangle. Additional two- or three-phase
negative-flash calculations may be required to accurately
identify the phase-state of mixtures that are too close to the
phase boundaries.18

Figure 9. General structure of an isothermal three-phase table.

The three-component systems are calculated at T 5 520 K and p 5 75, 180, and 250 bar. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 10. Full parameterization of {C1, C10, H2O} at
T 5 550 K and p 5 100 bar.

Compare the phase diagrams in blue with the standard

calculations (red tie-lines). [Color figure can be viewed

in the online issue, which is available at wileyonline

library.com.]
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Figure 11. Parameterization of {C1, C10, H2O} at T 5 550 K and p 5 113.8 bar.

Here, only two sets of tie-lines parameterize the space. The calculations are performed using (a) the SRK-EoS, tie-triangle degen-

erates at p 5 106.8 bar and the oil–gas region disappears at p 5 163.5 bar, and (b) the PR-EoS, tie-triangle degenerates at p 5
110.0 bar and the oil–gas region disappears at p 5 148.9 bar. Compare the phase diagrams in blue with the standard calculations

(red tie-lines). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 12. Parameterization of {C1(0.25), CO2(0.25), C10(0.25), H2O(0.25)} at T 5 550 K.

Tie-triangle degenerates at p 5 105.8 bar. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]
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With increase in pressure, the three-phase region degener-
ates, and the gas–oil region exhibits critical behavior (see
Figure 18b). Here, we also use CSAT to determine the

phase-state of a dilution line. Note that the locus of the criti-
cal tie-lines, which are at different pressures, separates sin-
gle-phase gas and oil compositions (see Figure 8).

Figure 13. Two views from the full parameterization of {C1, CO2, C10, H2O} at T 5 550 K and p 5 105 bar: (a) oil–
gas tie-lines and (b) water tie-lines.

The three-phase region is enclosed by the blue tie-triangles. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 14. Parameterization of {C1(0.33), C2(0.33), H2S(0.34)} at T 5 185 K.

The parameterizing tie-triangle degenerates at p 5 34.3 bar. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Figure 15. Parameterization of {C1(0.25), C2(0.25), C6(0.25), CO2(0.25)} at T 5 180 K.

The parameterizing tie-triangle degenerates at p 5 26.1 bar. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 16. Four C3 curves (in green) that parameterize four different three-phase regions of {C2, N2, CO2, H2S} at
T 5 140 K and p 5 200 bar.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Next, we increase pressure for the example in Figure 13 to
obtain a fully degenerate steam system (see Figure 19a; it can be
considered as a stack of parameterized degenerate planes as
shown in Figure 8b). Note that the gas–oil two-phase region exists
only in a part of the compositional space. Similarly, we identify
the phase-state of the compositions along a dilution line using
three-phase CSAT (see Figure 19b). As shown in the figure, only
a few parameterized planes are required for this purpose.

Conclusions

We developed the parameterization continuity for the multi-
phase CSAT framework in general-purpose thermal-composi-

tional simulation. Specifically, we proved that tie-simplex
parameterization of any continuous route in the compositional
space is continuous. Moreover, the tie-simplex that parameter-
izes any composition changes continuously with pressure or
temperature. We extended the CSAT framework for thermal-
compositional systems that can form an arbitrary number of
phases. We presented the details of three-phase CSP over wide
ranges of pressure. We described phase-state identification pro-
cedures for degenerate steam systems. Our numerical examples
indicate that CSAT is as reliable as conventional procedures for
state identification in multiphase systems, and more importantly,
it is very suitable for multiphase EoS-based flow simulation.

Figure 17. Six C2 surfaces (in green) that parameterize six different two-phase regions of {C2, N2, CO2, H2S} at T 5
140 K and p 5 200 bar.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Appendix A: Parameterization Continuity for
Systems with an Arbitrary Number of Phases

In this Appendix, we consider the continuity for systems
that can form a maximum of Np phases at equilibrium,
where Np is a predefined number. Let us first consider a con-
tinuous trajectory inside the Np-phase region and study how
the parameterizing tie-simplexes (denoted by DNp�1) change
along the path at constant temperature and pressure. The
equality of chemical potentials for each component between
every pair of phases defines a tie-simplex

li;1 ¼ li;j; i ¼ 1;…;Nc; j ¼ 2;…;Np: (A1)

Differentiating Eq. A1 with respect to a parameter along the
path, n, at constant temperature and pressure yields

XNc

l¼1

J1
i;l

@nl;1

@n

� �
p;T;nk 6¼l;1

¼
XNc

l¼1

Jj
i;l

@nl;j

@n

� �
p;T;nk 6¼l;j

; i ¼ 1;…;Nc;

j ¼ 2;…;Np; ðA2Þ

where Ji,l for each phase j is defined by Eq. 11. We consider
splitting of each component among all Np phases

ni;tot ¼
XNp

m¼1

ni;m; i ¼ 1;…;Nc: (A3)

Therefore
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þ
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(A4)

Combining Eqs. A2 and A4, and noting that

@nl;j
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� �
p;T;nk 6¼l;j
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XNp
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@n

� �
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(A5)

we obtain
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� �
p;T;nk 6¼l;tot

(A6)

where i ¼ 1,…,Nc, j ¼ 2,…,Np. As the multiphase flash
problem for Np phases (Eq. A1) has a unique solution (Np-
phase tie-simplexes do not intersect), the Jacobian of Eq. A6
is invertible. Moreover, because the righthand side of
Eq. A6 is bounded, the partial derivatives of nl,m are
bounded, and from Eq. 5, the equilibrium compositions
change continuously.

Next, let us consider a continuous trajectory, C, that is out-
side the Np-phase region. As parameterization of the compo-
sitional space using Np-phase tie-simplexes is unique, we
can define a curve, C, inside the Np-phase region that has an
identical parameterization as C. We also define C to be the
center of a set of Np-phase tie-simplexes (hence, C is
unique). Similar to the two-phase case, one can conclude
that C is continuous if C is continuous, and consequently,
parameterization along C (using Np-phase tie-simplexes) is
continuous.

Figure A1. Continuity of CSP for four-component three-phase systems.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Continuity of multiphase CSP can be shown for changes
in pressure or temperature. For this purpose, we consider a
mixture with a fixed overall composition and determine how
the parameterizing Np-phase tie-simplexes change with pres-
sure, or temperature. Initially, we assume that the mixture
remains inside the Np-phase region with changes in pressure
or temperature. It can be shown that the molar amounts
change with respect to p or T as follows

XNc

l¼1

XNp

m¼2

J1
i;l þ dj;mJj

i;l

h i @nl;m

@p

� �
T;nk 6¼l;m

¼ �Vi;1 � �Vi;j; (A7)

XNc

l¼1

XNp

m¼2

J1
i;l þ dj;mJj

i;l

h i @nl;m

@T

� �
p;nk 6¼l;m

¼ �Si;j � �Si;1; (A8)

for i ¼ 1,…,Nc and j ¼ 2,…,Np. Equations A7 and A8 indi-
cate that the partial derivatives of nl,m are bounded; as a
result, the parameterizing tie-simplexes change continuously
with p or T.

Continuity of parameterization in pressure and temperature
can be generalized to any composition. Consider a mixture,
z, outside the Np-phase region. Let C be a curve within the
Np-phase region that (1) has an identical parameterization as
z and (2) is the center of a set of Np-phase tie-simplexes. As
parameterization of the compositional space using Np-phase
tie-simplexes is unique at each pressure value, C is unique.
It can be shown that C is a continuous curve (see the similar
arguments for the two-phase case), and the parameterization
of z in p (or T) is continuous. Figure A1 shows the continu-
ity of three-phase CSP (in pressure and temperature) for a
four-component system.

Appendix B: Discretization of Cm
f

Here, we describe the discretization of Cm
f on the f-th

(m � 1)-face of an Np-phase tie-simplex, DNp�1 (Np repre-
sents the maximum number of coexisting phases). A similar
approach is presented by Voskov and Tchelepi,20 but it is
limited to the parameterization of a tie-triangle plane.

Starting from the center of an m-phase tie-simplex, Dm�1,
we solve for the new points that are farther by a given dis-

tance, d. We note that the center of Dm�1, a, lies on Cm
f . More-

over, the vertices of Dm�1 may not be parameterized by DNp�1.
Let xj represent the compositions of the j-th vertex of

DNp�1, where j ¼ 1,…,Np. We also use yj to represent the j-th
vertex of Dm�1, where j ¼ 1,…,m. The new composition, b,

1. is parameterized by DNp�1,
2. satisfies (b � a)�(y1 � yj) ¼ 0 for j ¼ 2,…,m,
3. satisfies kb � ak2 ¼ d, where d is a measure of the

separation between two adjacent Dm�1s.
First, we express b as a linear combination of the vertices

of DNp�1

b ¼
XNp

j¼1

mjxj ¼ Xm (B1)

where X is an Nc � Np matrix of the vertices of DNp�1, and
m is an Np � 1 vector of the phase fractions. From

ðb� aÞ � ðy1 � yjÞ ¼ 0; j ¼ 2;…;m; (B2)

we write

Yb ¼ Ya (B3)

where Y is an (m � 1) � Nc matrix

Y ¼

y1;1 � y1;2 y2;1 � y2;2 … yNc;1 � yNc;2

y1;1 � y1;3 y2;1 � y2;3 … yNc;1 � yNc;3

..

. ..
. ..

. ..
.

y1;1 � y1;m y2;1 � y2;m … yNc;1 � yNc;m

2
6664

3
7775: (B4)

After combining Eqs. B1 and B3 and adding
P

jmj ¼ 1 to
the set of equations, we obtain

B|{z}
m�Np

m|{z}
Np�1

¼ v|{z}
m�1

(B5)

where

B ¼ YX

u

� �
(B6)

Figure B1. Discretizetion of (a) C3 and (b) C2 for a system with Nc 5 4 and Np 5 4.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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v ¼ Ya

1

� �
(B7)

and u is the 1 � Np vector of ones. We express B and m as

B ¼ B1 … BNp�m B0
� 	

; (B8)

m ¼

m1

..

.

mNp�m

m0

2
6664

3
7775; (B9)

where Bj is the j-th column of B (1 � j � Np�m). Also,
note that B0 is an m � m matrix. Consequently, from Eq. B5

m0 ¼ B0�1v�
XNp�m

j¼1

B0�1Bjmj (B10)

We write X as

X ¼ X1 … XNp�m X0
� 	

: (B11)

Similarly, Xj is the j-th column of X (1 � j � Np � m), and
X0 is an Nc � m matrix. From Eqs. B1 and B10

b ¼ X0B0�1vþ
XNp�m

j¼1

Xj � X0B0�1Bj

� �
mj

¼ P|{z}
Nc�1

þ
XNp�m

j¼1

Qj|{z}
Nc�1

mj;

(B12)

which indicates that b is a function of Np � m phase frac-
tions (Cm

f requires an (Np � m)-dimensional parameteriza-
tion). Finally, from

kb� ak2 ¼ d; (B13)

one can obtain the governing equation for the set of solutions.
If m ¼ Np � 1, Eq. B13 has only two solutions (see

Figure B1a). When m \ Np�1, there are an infinite number
of solutions for the given d. Only a limited number of them
would be required for discrete parameterization (Figure
B1b). For this purpose, a generic multidimensional discreti-
zation technique can be applied. We use Algorithm 1 to
obtain a composition that lies on Cm

f .

Appendix C: Thermodynamic Parameters of
Mixtures

All the calculations in this article are performed using
the Peng–Robinson EoS (unless otherwise mentioned).
Tables C1–C5 present the thermodynamic parameters of each
system.

Table C1. Thermodynamic Parameters for Figures (1–3)

Component Tc (K) pc (bar) x dCO2
dNC10

dC1
dC4

CO2 304.2 73.765 0.225 0 0.11 0.103 0.13
NC10 617.6 21.076 0.49 0.11 0 0.052194 0.012228
C1 190.6 46.00 0.008 0.103 0.052194 0 0.014749
C4 425.2 38.00 0.193 0.13 0.012228 0.014749 0

Table C2. Thermodynamic Parameters for Figures 4, 5, 6b, 7–13, 18, and 19

Component Tc (K) pc (bar) x dC1
dNC10

dH2O
dCO2

C1 190.6 46.00 0.008 0 0.052194 0.4907 0.103
NC10 617.6 21.08 0.49 0.052194 0 0.45 0.11
H2O 647.3 220.48 0.344 0.4907 0.45 0 0.2
CO2 304.2 73.765 0.225 0.103 0.11 0.2 0

Table C3. Thermodynamic Parameters for Figures 6a and 14

Component Tc (K) pc (bar) x dC1
dC2

dH2S
dNC4

C1 190.6 46.00 0.008 0 0.002689 0.08 0.014749
C2 305.4 48.84 0.098 0.002689 0 0.07 0.004914
H2S 373.2 89.37 0.1 0.08 0.07 0 0.06
NC4 425.2 38.00 0.193 0.014749 0.004914 0.06 0

Algorithm 1. Solving for a composition on Cm
f

1: Obtain b from Eq. B13
2: loop

3: if b is inside higher-dimensional tie-simplex, or outside
compositional space then

4: return

5: end if

6: Dm�1/m-phase negative-flash for b

7: if Dm�1 is critical then

8: d / d/2
9: Go to Step 1

10: end if

11: c/project geometric center of Dm�1 onto DNp�1

12: if c is close enough to b then

13: return c
14: end if

15: b / c
16: end loop
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Table C5. Thermodynamic Parameters for Figures 16 and 17

Component Tc (K) pc (bar) x dC2
dN2

dCO2
dH2S

C2 305.4 48.84 0.098 0 0.1 0.1 0.07
N2 126.2 33.94 0.04 0.1 0 0 0.176
CO2 304.2 73.76 0.225 0.1 0 0 0.096
H2S 373.2 89.37 0.1 0.07 0.176 0.096 0

Table C4. Thermodynamic Parameters for Figures 15 and A1

Component Tc (K) pc (bar) x dC1
dC2

dCO2
dNC6

C1 190.6 46.00 0.008 0 0.002689 0.103 0.02833
C2 305.4 48.84 0.098 0.002689 0 0.13 0.013842
CO2 304.2 73.76 0.225 0.103 0.13 0 0.125
NC6 507.4 29.69 0.296 0.02833 0.013842 0.125 0
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